
PHYSICAL REVIEW B 67, 054414 ~2003!
Neutron scattering study of two-magnon states in the quantum magnet copper nitrate
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We report measurements of the two-magnon states in a dimerized antiferromagnetic chain material, copper
nitrate @Cu(NO3)2•2.5D2O#. Using inelastic neutron scattering we have measured the one- and two-magnon
excitation spectra in a large single crystal. The data are in excellent agreement with a perturbative expansion
of the alternating Heisenberg Hamiltonian from the strongly dimerized limit. The expansion predicts a two-
magnon bound state forq;(2n11)pd which is consistent with the neutron scattering data.
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I. INTRODUCTION

The basic physics of the elementary one-magnon exc
tions of lower-dimensional quantum antiferromagnets c
now be regarded as well established, both theoretically
experimentally, through studies of materials that are reas
ably accurate realizations of the spin Hamiltonians. In c
trast, higher excitations such as multimagnon continua
bound states have attracted relatively little attention. T
topic may prove to be a fascinating area for the applicat
of few- and many-body techniques, and will involve intere
ing and nontrivial results in band structure, band mixin
bound-state formation, phase transitions through the for
tion of condensates of magnetic excitations,1–7 and other col-
lective phenomena.

Although some aspects of the physics of low-lying mu
magnon states can be inferred from model Hamiltonians
ing standard theoretical techniques, few experimental stu
of these higher excitations have been reported to date.
perimental difficulties that have precluded such work inclu
relatively weak couplings of probes to these higher exc
tions, dominant contributions from the lowest one-magn
excitations, and resolution requirements in energy and w
number that are beyond the capabilities of most techniqu

High-resolution inelastic neutron scattering should pro
to be an ideal technique for observing some of these hig
magnetic excitations. One can control both energy and
mentum transfer, so that the existence and spectral weig
higher magnetic excitations can be established and qu
fied. The new generation of high-intensity neutron sour
combined with high-resolution detectors should allow t
observation of details of the multimagnon excitation sp
trum such as band boundaries, quantitative determinatio
the dynamical correlation functionS~Q,v! and discontinui-
ties within a band,8 and weakly bound states just below th
band edge. The principle limitation in this approach may
0163-1829/2003/67~5!/054414~11!/$20.00 67 0544
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the unavoidableDS51 selection rule of magnetic neutro
scattering, so that one can only reach spinS51 excitations
given an S50 ground state and an isotropic spin Ham
tonian. Other techniques such as Raman scattering ca
used to study certain of these higher excitations,albeit with
strong constraints on the accessible spin and momen
quantum numbers.

Systems that appear especially interesting for studies
higher magnetic excitations at present are quasi-o
dimensional~quasi-1D! spin chains and spin ladders, sinc
many of these have gaps and hence will have separ
bands of higher excitations and perhaps bound states of m
nons. The alternating Heisenberg antiferromagnetic ch
~AHC! with spin 1/2 is an example of such a system; w
any amount of alternation 0,a,1 ~where a[J2/J1) the
AHC has an energy gap in its one-magnon dispersion wit
second gap to the multimagnon continuum~see Fig. 1!, and
two-magnon bound states with spin 0 and spin 1
predicted.9 The AHC is also attractive because of its relati
simplicity and because of recent extensive theoretical stu
of the low-energy excitations in this model.

In this paper we present results from an inelastic neut
scattering study of higher magnetic excitations in copper
trate@Cu(NO3)2•2.5D2O#, which was recently confirmed by
neutron scattering10 to be an accurate realization of
strongly alternating Heisenberg antiferromagnetic cha
This material is especially attractive because the alterna
parametera'0.27 is close to the value predicted to max
mize the separation of the spin-1 two-magnon bound s
from the continuum.11 In addition it is relatively easy to pre
pare large single crystals of this material, which compensa
for the weak neutron scattering intensity from the high
magnetic excitations.

The paper is arranged as follows: Section II summari
important results from the theory of the ground and exci
states of the alternating Heisenberg chain. Section III
©2003 The American Physical Society14-1
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views the magnetic properties of Cu(NO3)2•2.5D2O, or CN
for short. Section IV presents the results of our measu
ments, with the analysis in terms of the model given in S
V. A discussion of the results is given in Sec. VI, with co
clusions in Sec. VII. Additional theoretical results for tw
magnon excitations in this model are given in the Append

II. THEORY

The spin-1/2 alternating Heisenberg chain has recei
much attention in the theoretical literature. This simp
model plays a central role in the study of the spin-Peie
effect and is also known to provide an accurate descriptio
the magnetic properties of many real materials. The mo
consists of antiferromagnetically coupled Heisenberg s
pairs, ‘‘dimers,’’ which are themselves coupled by weak
antiferromagnetic Heisenberg interactions in an alterna
chain, as shown in Fig. 2. The Hamiltonian for this mode
given by

FIG. 1. TheS51 excitation spectrum of the spin-1/2 alternatin
Heisenberg chain with moderately strong dimerization. The par
eters used areJ50.45 meV anda50.27 ~as fit to copper nitrate
neutron scattering data.! There is an energy gapD from the S50
ground state to theS51 triplet magnon band. The two-magno
continuum states are also shown; these have energies and
vectors given by the sum of two independent one-magnon ex
tions. A S51 bound state is predicted to lie just below the tw
magnon continuum for small wave vectors neark5p/d, where the
continuum has minimum width.

FIG. 2. Alternating chain layout showing dimers coupled
gether. Each dimer is labeled by an indexm, r is the separation
between dimer spins, andd is the chain repeat vector.
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where N is the number of spins in the chain,J.0 ~also
called J1) is the intradimer coupling,aJ ~also J2) is the
interdimer coupling, anda is allowed the range 0,a,1. The
indexm labels the dimers, and2 and1 denote left and right
spins. The position of each spin is given byrm,65md
6r/2, whered is the chain repeat vector, andr is the in-
tradimer separation.

This model has a nontrivial spin-0 ground state, and
all a in the allowed range 0,a,1 has a gap to the firs
excitation, which is a band of spin-1 excitations~magnons!.
In the ‘‘strong-coupling limit’’ a!1 the ground state ap
proaches a system of uncoupled spin-0 dimers, and the
magnon excitations can be accurately described as a s
dimer excited to spin 1~an ‘‘exciton’’!, delocalized on the
chain to give states of definite along-chain wave numbek.
The energies and some matrix elements of these states
been evaluated as power series in the intradimer coup
a.11,12

To interpret experimental results approximate analy
forms of the wave functions and energies are useful, and
include calculations of wave functions expanded around
single dimer eigenstates in the Appendix. The one-mag
S51 triplet has a gap energyD5J2aJ/2 and dispersion
to O(a):

v1mag~k!5J2aJ/2 cos~kd!. ~2!

This magnon wave function can be visualized as a locali
wave packet of magnetic polarization~excitons! along x, y,
or z carrying total spin 1 traveling through a featureless s
glet background with the gap energy coming from the eff
expended in breaking a dimer bond.

Approximate wave functions for the two-magnon sta
are given in the Appendix. At large separations the magn
do not overlap and they behave as free particles; howe
when close they interfere and scatter off each other. I
one-dimensional geometry such scattering conserves par
number, energy, and momentum up to a lattice wave vec
and the scattering introduces a momentum-dependent p
shift in the scattered wave function. The energy of the
states@to orderO(1/N)] is given by vk1 ,k2

(k)5v1mag(k1)

1v1mag(k2), wherek5k11k2 is the total wave vector. The
resulting continuum using Eq.~2! is illustrated in Fig. 1.8

As well as elastic scattering of magnons, bound states
form. To appreciate their physical origin consider tw
dimers, both in excited states, coupled by a single interdim
coupling aJ. In the absence of coupling all the double e
cited statesS50, 1, and 2 have the same energy 2J. How-
ever, the interdimer coupling splits these states. There is
S52 quintuplet of energy 2J1aJ/4 ~this energy is higher
because the interdimer coupling favors antiferromagnet
whereas theS52 states have all spins along the sam
direction—ferromagnetic!. There is also anS51 triplet of
energy 2J2aJ/4; this lowering of energy is purely quantum
mechanical and comes from resonance between the two
cited dimers. Finally there is anS50 singlet of even lower
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energy, 2J2aJ/2, which gains resonance and also antifer
magnetic energy due to the spins in neighboring dim
pointing in opposite directions.

As theS50 and 1 states with excited dimers neighbori
each other have lower energy than two well-separated
cited dimers~by aJ/4 and aJ/2, respectively! there is a
short-range attractive potential. Magnons can be confi
within the potential well~bound states! as long as the relative
kinetic energy between the magnons is smaller than the
teraction energy.

This situation applies to the bound states in the AHC:
S50 mode at all wave vectors and theS51 mode over
limited wave vectors around the node points. These are
sitions where the kinetic energy is small compared to
binding potential. TheS51 bound state is visible to neutro
scattering and has a dispersion9,13

vBS52J2
aJ

4
@4 cos2~kd/2!11#.

The bound state is characterized by a probability amplit
for the separation between the two magnons that drops
ponentially with distance~see the Appendix for more de
tails!. TheseS51 bound states exist only over the ran
unp2kdu<p/3, wheren is an odd integer; see Fig. 1.

III. MAGNETIC PROPERTIES OF Cu „NO3…2"2.5D2O

The structural and magnetic properties of CN have b
thoroughly investigated and shown to be near ideal. T
structure of Cu(NO3)2•2.5H2O was investigated by Garaj14

and Morosin,15 and was shown to have a monoclinic crys
structure with space groupI12/c1 ~Ref. 16! and the lattice

TABLE I. Crystallographic data for Cu(NO3)2•2.5H2O from
Ref. 15 The room-temperature lattice parameters area516.453,
b54.936, c515.963 Å, andb593.765°. The Cu ions are at th
8 f positions at (x,y,z) where x50.12613, y50.01352, andz
50.11376. The equivalent positions in the unit cell are given.

Atom x position y position z position

1 x y z
2 12x 12y 12z

3 12x y
1

2
2z

4 x 12y
1

2
1z

5
1

2
1x

1

2
2y z

6
1

2
2x

1

2
1y 12z

7
1

2
2x

1

2
2y

1

2
2z

8
1

2
1x

1

2
1y

1

2
1z
05441
-
s

x-

d

n-

e

o-
e

e
x-

n
e

l

parameters and crystallographic copper positions given
Table I. The deuterated form Cu(NO3)2•2.5D2O we studied
has low-temperature (T53 K) lattice parametersa516.1,
b54.9, c515.8 Å, andb592.9°.10

The magnetism of CN arises from the Cu21 ions. Crystal
electric fields from the oxygen ligands surrounding the Cu21

ions quench their orbital moments, leaving a near-isotro
spin-1/2 moment withg values that show a small easy-ax
anisotropy along the crystallographicb direction; the values
are gib52.33 andg'b52.09.17 Magnetic superexchange i
this material is mediated by long double Cu-O-O-Cu e
change paths, which accounts for the rather weak excha
interaction observed in CN.

The exchange couplings of CN were studied by Eck
et al. in Ref. 18 and are illustrated in Fig. 3. The domina
magnetic exchange integralJ is between pairs of spins~cop-
per positions 7 and 8 and equivalent pairs; cf. Fig. 3! forming
dimers with a separation of 5.3 Å. These dimers separate
crystal vectoru5@u1 ,u2 ,u3#[u1a1u2b1u3c are coupled
together by exchangesJu8 ; the only exchange paths of appr
ciable strength areJ[1/2,61/2,1/2]8 , connected via bonds be
tween 1 and 7 and equivalent~bond length 6.2 Å!. This re-
sults in two sets ofS51/2 alternating Heisenberg chain
running in the@1,1,1# and @1,1̄,1# directions of the crystal
with repetition everyd5@1,1,1#/2 andd85@1,1̄,1#/2, respec-
tively ~repeat distanced511.3 Å); the corresponding in
tradimer vectors arer5@0.252,60.027,0.228# ~where the
x,y,z positions from Table I have been used!. Inelastic neu-
tron scattering measurements10 have recently further con
firmed the model alternating Heisenberg chain properties
CN and have shown that the dominant collective exc
tions are indeed the gapped triplet of magnons expected
the AHC.

Approximate ground-state energy

Bulk magnetic measurements give information on t
gap, exchange, and ground-state energies of the spin ch

FIG. 3. Positions of copper ions projected onto theac plane for
Cu(NO3)2•2.5D2O. The atom positions are those detailed in Tab
I. Two sets of identical chains run in the@1,1,1# and @1,1̄,1# direc-
tions, respectively.
4-3
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D. A. TENNANT et al. PHYSICAL REVIEW B 67, 054414 ~2003!
in copper nitrate. Measurements of the effect of applied m
netic field show that spin-flop~SF! ordering is induced in CN
above a critical fieldBc1'2.7 T, with a transition to full
alignment atBc2'4.3 T, and there are no demagnetizati
effects in the zero-temperature limit.19 As the orbital moment
on the Cu21 ions is quenched by the crystal electric field a
demagnetization effects are negligible, the fieldBc1 can be
used to directly give the excitation gap energy to the o
magnon states, and Diederixet al. report a value ofD
50.3786.007 meV.19

The gap can be inferred from the transition field beca
the magnons carry spin quantum numbersSz51,0,21 and
are split into three dispersive modes shifted by a Zeem
energy with respect to each other. The ground state by vi
of its spin-0 quantum number is unaffected by the field, a
the transition occurs when the Zeeman energy of the low
mode closes the gap and magnons condense into the gr
state. The long-range order itself is due to weak coupli
between the chains.

The high-field transitionBc2 yields further important in-
formation. It is where all the low-lying magnons are com
pletely condensed into the ground state and the spins
fully aligned along the field. The fully aligned state is a
exact eigenstate, and for an unfrustrated quantum magne
transition field gives the sum of exchange couplin
gmBBc25J1(uJu850.58060.007 meV in the system.7 An
estimate of the ground-state energy of CN can be made u
these numbers.

Using the low-temperature isothermal magnetizat
M (B)5gmB^Sz&B as a measure of the work required to sa
rate the spin chains from the zero-field quantum grou
state, an energy per spin can be inferred. The zero-fi
ground-state energy per spine0 can be estimated via th
formula e0'ef2gmBSBc21*0

Bc2M (B)dB where the fully
aligned energy per spin isef5(S2/2)(J1(uJu8)5gmBBc2/8
50.072560.001 meV for aS51/2 unfrustrated system. Uti
lizing the 270 mK data of Diederix in Fig. 3 of Ref. 1
~measured using proton resonance! to determine the integra
over magnetization gives an experimental ground-state
ergy per spine0520.17460.004 meV. This is essentiall
the T50 result, as the gap activation energy correspond
4.4 K.

To estimate thermodynamic properties we approxim
the sum of theinterdimerexchanges by the single couplin
aJ5(uJu8 of Eq. ~1!. Using the O(a9) expansions11 for
D~a! and e0 gives J50.45560.002 meV anda50.277
60.006, in agreement with the results of Refs. 19 and
J50.45 meV anda50.27. Our calculated values of th
thermodynamic parametersJ1(uJu850.581 meV,D50.379
meV, ande0520.172 meV agree within error with the ex
perimental values.

IV. EXPERIMENTAL METHOD

A. Neutron scattering

The inelastic neutron scattering cross section21

d2s

dVdv
}Nsmag(

a,b

kf

ki
uF~Q!u2~dab2QaQb!S ab~Q,v!
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is proportional to the dynamical responseS ab(Q,v), where
Q is the wave vector transfer,F(Q) is the magnetic form
factor, N is the number of scattering centers, the const
smag50.2896 b,ki and kf are the momenta of initial and
final neutron states, respectively,g is the Lande´ g factor, and
a5x,y,z are Cartesian coordinates. The dynamical respo
is the space and time Fourier transform of the spin-spin c
relation function

S ab~Q,v!5
1

2pN (
i , j

E exp$ i @vt1Q•~r i2r j #%

3^Si
a~0!Sj

b~ t !&dt,

wherei andj labels sites of the system. For the AHC, Eq.~1!,
spin conservation and isotropy in spin space ensure
S ab(Q,v)50 for aÞb, and all diagonal spin componen
are equivalent,S xx(Q,v)5S yy(Q,v)5S zz(Q,v). At T
50, this is given by

S xx~Q,v!5
1

2
S 12~Q,v!

5
1

2 (
l

u^Cl~k!uSQ
1uCG&u2d~v2vl!,

wherel labels the eigenstates ofH and

SQ
15

1

A2Nd
(

m51

Nd

(
p56

exp~ iQ•rm,p!Sm,p
1

is the Fourier-transformed spin creation operator.
The action of the neutron is to flip a spin and so creat

localized spin-1 polarization in the chain, and the strength
scattering to particular states is determined by their ove
with this spin-flip state. This means that the multipartic
states will be sampled with particles created close toget
This is where interactions of the particle wave functions
most important, making neutrons a sensitive technique
looking at overlap effects. An interesting consequence of
is that the short-range interactions between particles can h
a large influence on measured correlation functions with li
effect on the thermodynamics of the spin chain, an eff
noted for spinons in uniform chains.22 Similarly, the thermo-
dynamic influence of bound states at low temperatures v
ishes as 1/N, yet they have a finite scattering cross section
discussed below.

B. Neutron scattering measurements

We made our measurements of the inelastic scatte
cross section of CN using the SPINS cold-neutron triple-a
spectrometer at the NIST Center for Neutron Research.
same high-quality sample of copper nitrate used by Xu10 was
utilized. This 14.1-g sample consists of four coaligned sin
crystals of CN, with deuterium substituting for 92% of h
drogen. The substitution of D for H was made as it redu
significantly the background from incoherent scattering
neutrons but does not change the magnetic properties o
material. The sample was mounted with (h,0,l ) as the scat-
tering plane in a pumped3He cryostat at a base temperatu
of 300 mK. This temperature is an order of magnitu
4-4
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smaller than the gap energy~;4.4 K!, and the collective
quantum ground state is almost entirely free of therma
produced magnons, with a population of these numbe
less than 1 per 23106 dimer sites.

The two-magnon scattering is expected to be weak as
neutron matrix element to it is ofO(a2) from the ground
state, so the spectrometer was set up in an open configur
to gain maximum scattered signal, and the only collima
included in the setup was of 808 between monochromato
and sample. A vertically focused pyrolytic graphite PG~002!
array monochromated the incident neutrons~energy Ei ,
wave vectork i), and a horizontally focused array compos
of eleven independently rotatable PG~002! blades was em-
ployed to analyze the scattered neutrons (Ef , k f). A cooled
Be filter was placed in the incident beam before the sam
to remove higher-order contamination from the beam. T
actual neutron energy transfer to the sample being\v5Ei
2Ef and the wave vector transfer isQ5k i2k f .

Measurements of the scattering cross section were m
by fixing the final energy atEf52.5 meV (kf51.10 Å21)
and scanning incident energyEi at various fixed wave num
ber transfers along the chain,k5Q•d̂ ~i.e., the component o
the scattered wave vector along the important chain di
tion!. Although there are actually two types of chain in C
~with repeatsb5@1,1,1#/2, andb85@1,1̄,1#/2!, this is not im-
portant in our case—we study the (h,0,l ) scattering plane
where the chains give identical contributions~see Fig. 3!.

With an open scattering configuration instrumental re
lution is an important consideration. The spectrometer re
lution represents the spread in coordinate space~Q,v!
sampled by the instrument at each measured point. The
ergy resolution of the spectrometer is of Gaussian pro
with a full width at half maximum ~FWHM! at Ef
52.5 meV and\v50.8 meV of;0.10 meV. TheQ resolu-
tion is dominated by the wide angular acceptance~14°! of
the analyzer on the scattered side—it is highly elonga
along a direction within the scattering plane that is perp
dicular to the scattered wave vector—and approximating
measured angular dependence by a Gaussian profile giv
FWHM of ;0.2 Å21. This resolution width is very consid
erable; however, by using calculated scan trajectories
maintain the final wave vectork f along the crystallographic
~1,0,1! direction, so as to integrate over the nondispers
directions between chains, good wave number resolutionk
along the important quantum spin chain directions~estimated
at of order 0.02 Å21) is maintained.

V. RESULTS AND ANALYSIS

Figure 4 shows some of the results of scans in ene
performed on CN: Panel~a! shows a scan at the antiferro
magnetic zone center,k52p/d, taken atT5300 mK. This
is the wave number along the chain where the magnon
ergy is a minimum; cf. Fig. 1. Strong elastic scattering fro
incoherent nuclear processes is clearly seen as well as a
at 0.4 meV as expected for the one magnon mode,10 close to
the dimer excitation energyJ50.45 meV. A second much
weaker peak appears at roughly double the dimer energ
about 0.9 meV, which is where two-magnon scattering
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expected. On heating up the sample both the 0.4 meV
0.9 meV peaks disappear, identifying these as being m
netic in origin.

Heating up the sample also identifies the nonmagn
background contribution~dashed line in the figure! which
consists of the incoherent nuclear peak, modeled by a Ga
ian centered at zero energy, and a broad contribution fr
thermal diffuse scattering from the analyzer which is w
characterized by a power-times-Lorentzian~broad, quasielas-
tic! component decaying from zero energy. As the ba
ground is large compared to the two-magnon signal it w
studied in depth at different temperatures and wave vect

Panels~b! and~c! of Fig. 4 show this peak with the mod
eled nonmagnetic background subtracted atk52p/d and k
53p/d, respectively. This feature is considerably weak
than the one-magnon scattering. The FWHM of the pe
narrows from 0.18~1! meV at 2p/d, panel ~b!, to 0.11~1!
meV at the zone boundary (3p/d), panel~c!, behavior in-
deed consistent with two-magnon scattering.

Figure 1 shows the energy corresponding to a weigh
average of scattering as a thick gray line. It is notable tha
k53p/d to a good approximation the neutrons couple on
to the bound mode, so that nearly all the scattering weigh
in it, not the continuum. The calculated neutron scatter
intensity from the bound state is;2% of the one-magnon
intensity which agrees with the data in Fig. 4.

The one- and two-magnon scattering at 300 mK w
scanned fromk5p/d to 5p/d in steps of p/4d. The
background-subtracted data are plotted in the upper pan
Fig. 5. The lower panel shows the calculated magnetic s
tering based on the 1D perturbation theory of the Appen
with the estimated parametersJ50.45 anda50.27. The cal-
culation includes the correct dimer structure factor effe
and uses the true scan trajectories in conjunction with

FIG. 4. ~a! Low-temperature scattering atk52p/d. The dashed
line is a fitted background, and the solid line is a fit to the scatter
described in the text.~b! Two-magnon scattering with backgroun
subtracted off. The solid line is a fit~see text!. The solid bar indi-
cates the instrumental resolution.~c! Two-magnon scattering fork
53p/d with nonmagnetic background subtracted off.
4-5
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D. A. TENNANT et al. PHYSICAL REVIEW B 67, 054414 ~2003!
dimer coordinates given in Table I. Corrections for the Cu21

magnetic form factor23 have also been made. Instrumen
line broadening has been included as well by convolving
theoretical calculations with the estimated instrumental re

FIG. 5. ~Color online! Upper panel shows a filled contour plo
of the measured data with nonmagnetic background subtracted
tensity is on a linear scale going from dark~minimum! to light
~maximum!. The two-magnon scattering has been enhanced b
factor of 100 to make it visible on the same scale. Lower pa
shows the calculated scattering using perturbation theory with
rections for instrumental resolution, multiple scattering, and m
netic form factor.
05441
l
e
o-

lution and sample mosaic spread. The calculation is dire
comparable with the data in the upper panel of Fig. 5, an
a qualitative level there is good agreement with experime

Next we consider the measured one- and two-mag
scattering in more detail and relate this to the physical p
ture presented by perturbation theory. A quantitative co
parison between theory and data is shown in Fig. 6. T
measured positions of one- and two-magnon peaks are
ted in the left panel. Energies, widths, and intensities
each peak were extracted by least-squares fitting of Ga
ians. In fact the wave vector and energy resolution was
sufficiently good in this experiment to distinguish details
the line shape, and the energies, widths, and intensities
resent the meaningful content of the measured data. We
amine the one-magnon scattering first.

A. One-magnon scattering

DispersionThe measured dispersion of the one-magn
states is shown in the left-hand panel of Fig. 6. Considera
dispersion of the one-magnon modes around the dimer
ergy ~0.45 meV! is evident as expected. Although the on
magnon dispersion has been calculated to high orderO(a5)
~Ref. 11! previously, the small value ofa in CN ensures that
the one-magnon dispersion should be well approximated~to
within 3%! by theO~a! result, Eq.~2!. In fact the dispersions
in CN measured by Xu10 and Stone24 show that it is well
described by

v~Q!5J2
1

2 (
u

Jucos~Q•u!, ~3!

with J50.442(2) meV the dimer coupling andJ[111]/2
50.106(2) meV the along chain coupling, plus addition
weak interdimer couplingsJ[1/2,0,0]8 50.012(2) meV and
J[0,0,1/2]8 50.018(2) meV. The alternation ratio that Xuet al.
consider,a5J[111]/2/J50.240(5), issmaller than that found

In-

a
l
r-
-

FIG. 6. Comparison of theory and data. Left panel shows fit
positions of observed scattering using perturbation theory~see text!.
Right lower panel shows fitted one magnon intensity compared w
perturbation theory~see text!. Right upper panel shows a compar
son of the two-magnon width and right middle panel two-magn
intensity, with perturbation theory~see text!.
4-6
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from the magnetization data discussed above which is
sumably due to the neglect of interchain coupling effects
the analysis of the latter.

The solid line through the one-magnon dispersion in F
6 is that calculated using the results of Ref. 10, and it gi
a reasonable account of the data. The small discrepan
from the peak centers measured here are attributable to
effects of the instrumental resolution which averages ove
large swathe of the interchain dispersion modulation. Ind
the averaging procedure means that the predicted~3%! de-
viations of the dispersion relation away from the first-ord
expression, Eq.~3!,11 are not resolvable in this experiment

IntensityThe lower right-hand panel of Fig. 6 shows th
one-magnon intensities extracted from fitting. The neut
scattering matrix elementS 12(Q)[u^Cl(k)uSQ

1uCG&u2 for
excitation of the one-magnon states in the AHC toO(a3)
is11

S1mag
12 ~Q!5@12cos~Q•r!#H S 12

5

16
a22

3

32
a3D

1S 1

2
a2

1

8
a22

5

192
a3D cos~kd!

1S 3

16
a21

7

48
a3D cos~2kd!

1
5

64
a3 cos~3kd!J . ~4!

The leading-order scattering process is from the bare di
component of the ground state, and thea/2 cos(kd) compo-
nent in the one-magnon structure factor arises from anO~a!
two-dimer excitation in the ground state. The dynami
structure factor then reflects both the composition of
ground and excited states, leading to a complex wave ve
dependence. It is worth noting that for smalla the higher-
order terms in Eq.~4! rapidly decrease in intensity and fo
CN theO(a3) term in Eq.~4! is already of negligible size
~,0.5%!.

An interesting aspect of the one-magnon intens
S1mag

12 (Q) noted in Ref. 11 is that the spin structure fact
comes in only as a@12cos~Q•r!# modulation. So where
Q•r52pn (n integer! the magnetic intensity should b
zero. Although this situation occurs for the measurement
the wave numberk53.9p/d, the scattering does not go t
zero because of residual intensity due to strong incohe
scattering processes. Such residual scattering was also
served in CN by Xu.10

The mechanism behind this residual scattering is
follows: a neutron scatters inelastically with wave vec
and energy transfer (k,v8); it then has a small probability
for scattering elastically via an incoherent scattering p
cess which changes its wave vector yet again before lea
the sample. This double-scattering process is proportio
to the one-magnon cross sectionS 1mag(k,v) convolved
with the incoherent cross sectionS inc(k,v), S 2nd(Q,v)
5A*dkdv8S 1mag(k,v8)S inc(Q2k,v2v8). As the scatter-
ing from the incoherent process is elastic and independen
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wave vector@S inc(k,v);s incd(v)# the secondary scatterin
appears as a wave-vector-independent bandS 2nd(Q,v)
5As inc*dkS 1mag(k,v) underlying the one-magnon scatte
ing. The ready observability of this multiple-scattering effe
is due to the very large incoherent cross section of hydro
and the large sample size. The solid line in the figure the
the scattering intensity predicted using Eq.~4! with J
50.45 meV anda50.27 including a constant wave-vecto
independent secondary scattering contribution~dashed line!,
as well as instrumental resolution and magnetic form fac
It is seen to account very well for the observed scatter
intensity. We now consider the two-magnon scattering.

B. Two-magnon scattering

Integrated peak intensities, widths, and positions extrac
using the fitting method described above for the two-magn
scattering are also plotted in Fig. 6. The peak positions
plotted in the left panel of Fig. 6~solid circles!. They are
nearly dispersionless at an energy of;0.86 meV. The peak
widths are plotted in the top right-hand panel. These
largest aroundk52p/d and 4p/d where the continuum is
expected to be widest, and are near resolution limited aro
p/d, 3p/d, and 5p/d. Also shown is the integrated pea
intensity*dvI (v), whereI (v) is the intensity, which peaks
aroundk52p/d.

Intensity The integrated peak intensity of the measur
two-magnon scattering plotted in Fig. 6 is a sum over b
the two-magnon continuumand the S51 bound mode. To
calculate the intensity predicted by the perturbative analy
of the AHC presented here the expressions for the tw
magnon continuum and bound-state wave functions deri
in the Appendix are used. For the two-magnon continu
contribution account of the density of momentum states w
energy transfer is taken, and the scattering intensity is ca
lated numerically using Eqs.~A5! and ~A14!. In the range
unp2kdu<p/3, wheren is an odd integer, theS51 bound
state also exists and contributes to the intensity too. T
contribution is calculated directly from Eq.~A17! and added
to the integrated intensity of the continuum.

As interchain effects are effectively integrated over in t
two-magnon scattering, and this results in line broaden
rather than shifts in energy; we thus have implicitly includ
interchain coupling effects in our definition ofa50.27 for
Eq. ~1!. The calculated integrated intensity of the continuu
1bound mode is shown as the solid line in the center rig
hand panel of Fig. 6. It includes corrections for instrumen
resolution, magnetic form factor, and residual second
scattering from incoherent processes~see above!. The bound
mode contribution by itself~with residual scattering added!
is indicated by the shaded area in the panel.

It is evident from the figure that the integrated tw
magnon intensity data*dvI (v) ~right middle panel! show a
more complicatedk dependence than the one-magnon sc
tering. The comparison with the theoretical calculation~solid
line! looks qualitatively similar to the data; however, it un
derestimates the scattering atk'9p/2d and overestimates i
at 2p/d, which may indicate that higher-order terms in th
scattering amplitude than considered here are importan
4-7
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notable feature of the two-magnon intensity calculation
that itsk dependence is very strongly dependent on the s
tial arrangement of the magnetic ions. However, this can
explain the observed differences from the data as the o
magnon intensity provides an independent confirmation
the spatial positions used in the calculation are correct.

Center The fitted peak centers are compared with
computed weighted center^v&5*dvI (v)3v ~gray band!
for theO(a2) perturbation theory in the left panel of Fig. 6
The nearly dispersionless extracted positions~gray solid
circles! are located at the calculated weighted-average e
gies ~gray band! replotted from Fig. 1. The fact that th
weighted center lies below the center of the continuum i
direct result of the movement of scattering weight towa
the lower boundary due to the magnon-magnon interacti

WidthThe peak widths obtained from the fits are shown
the top right-hand panel. The solid line represents that ca
lated using the perturbation theory. It is the sum in quad
ture of the instrumental resolution width in energy and
variances of the theoretical intensity wheres25*dvI (v)
3(v2^v&)2. The calculation is seen to provide a good a
count of the data.

Bound modeUndoubtedly one of the most interesting a
pects of the multiparticle states in the AHC is the propos
existence of the bound mode below the two-magnon c
tinuum. The perturbation theory presented in the Appen
gives the functional form for the wave vector dependence
the bound mode’s neutron scattering cross section,

SBS
12~Q!5S a

4 D 2

@124 cos2~kd/2!#

3$sin@Q•~r1d!/2#13 sin@Q•~r2d!/2#%2,

and for the wave vectorsQ probed in this experiment th
bound mode is predicted to be most prominent in the nar
region aroundk53p/d with an extent and strength as ind
cated by the shaded contribution in the middle right pane
Fig. 6. In fact at thek53p/d point itself the scattering in-
tensity of the two-magnon continuum is predicted to van
and the measured intensity at this point@see Fig. 4~c!# should
be from just the bound mode with a small background fr
the residual secondary scattering.

At the k53p/d point @Fig. 4~c!# a sharp, resolution-
limited mode is indeed seen, consistent with scattering to
S51 bound mode. However, if for some reason an ad
tional unidentified effect were present which nullified t
binding mechanism and that also gave an enhanced sca
ing to the continuum at this point, then quite sharp scatter
would also occur, this time due to the fact that the continu
is narrow in energy aroundk53p/d. In this regard it is
worthwhile considering the peak position in energy as a
bound mode must be at a lower energy than the continu
lower boundary~which is a sum of one-magnon energies!.

Fitting the scattering in CN at thek53p/d point @Fig.
4~c!# gives a peak centered at 0.85260.007 meV. This gives
a positive binding energy~the energy difference by which th
peak is lower than the calculated two-magnon continuum! of
EB50.0360.02 meV~note that the large error bar here tak
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into account the interchain coupling and uncertaintly in co
pling constants used to calculate the continuum low
boundary—high-order results from Ref. 11 have been u
here for accuracy!. In fact the binding energy of theS51

state for an idealized AHC is predicted to be11 EB5J( 1
4 a

2 13
32 a2)50.017 meV for CN, which is consistent with ou

measurements. However, although the energy, sharpness
observed intensity of the scattering aroundk53p/d lends
support to binding around this bandwidth minimum, the e
perimental error in the binding energy is too large for it
constitute definitive proof of the effect in CN, and furth
experiments are needed that would resolve the bound m
form the continuum.

VI. DISCUSSION

Our measurements establish the feasibility of study
weak multimagnon states using neutron scattering and ra
number of important issues. First, the introduction of expe
mental data highlights the need for practical techniques
calculating the multiparticle excitation spectra and cross s
tions for realistic spin models. Our perturbation theory,
though useful for interpreting results, is of too low order
quantitatively account for our measurements and in addi
does not include interchain coupling. Very powerful linke
cluster-expansion techniques have recently been introdu
that allow multiparticle spectra to be calculated to hi
order25,26 for the AHC, and the extension of these to calc
lations of the neutron scattering cross section would b
significant development. Analytical approaches based
Green function techniques may also prove fruitful. Seco
measurement of weak multiparticle signals preludes the
cess of neutron scattering to measuring bound two-mag
states. Interactions such as next-nearest-neighbor coup
should further stabilize bound modes and make measurem
of these easier. A question which requires further investi
tion is the stability of such bound modes to thermal fluctu
tions and also interchain coupling. An alternative route
investigating the phenomenology of particle binding
through solitonic systems such as the 1D Ising chain w
small XY-like terms.27 In this case the coupling of neutron
to pairs ofS51/2 solitons~also called spinons! is at zeroth
order and therefore strong. Binding of solitons only occu
when extra terms are included in the Hamiltonian, such
exchange mixing,28 next-nearest-neighbor coupling,29 or
transverse field.30 Evidence for this binding phenomenon an
Ising-like chains has been observed recently in neutron s
tering experiments.28

Time-of-flight ~TOF! neutron spectrometers give pote
tially much better energy resolution than conventional trip
axis instrumentation and could provide definitive proof
the bound state in the alternating chain by resolving
bound mode from the continuum. Previously, TOF tec
niques have proved successful in the study of similar bind
effects at the bandwidth minimum of the two-soliton co
tinuum scattering of theS51/2 XXZ Ising chain material
CsCoCl3.28 Although limited neutron fluxes may make suc
measurements difficult for CN,10 these should be feasibl
and we plan to make such measurements in the near fu
4-8
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VII. SUMMARY

In summary, we have used inelastic neutron scatterin
investigate the ground and excited states of the near-i
alternating Heisenberg chain material Cu(NO3)2•2.5D2O,
and also derived the scattering analytically to lowest orde
perturbation theory. Our measurements are consistent
the predictions of this model for several magnetic proper
of this system, including the ground-state energy, one-
two-magnon excitation spectra and intensities, and poss
the existence of a two-magnon bound state. Much exp
mental work remains to be done to establish the phen
enology of binding in isotropic 1D systems.
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APPENDIX

1. Ground state

Here we apply the perturbation theory of Ref. 11 to tw
magnon scattering. The single dimer eigenstates~labeled
G,1,0,1̄! are listed in Table II, and the ground state of t
uncoupled dimers~a50! is a direct product of dimer groun
states:

C05 )
m51

Nd

uGm&, E052
3JNd

4
. ~A1!

As total spinST5(m51
NdSm and ST

z5(m51
NdSm

z are con-
stants of the motion for the HamiltonianH they organize
the Hilbert space. For notation we introduce dimer creat
operators am

1uGm&5uam& where a51,0,1̄ label excited
dimer states. In real space we denote the singly exc

TABLE II. Eigenstates of dimerm, Hm5JSm,2•Sm,1 .

Label Cm E Sm
z Sm

Gm
1

A2
$u↑↓&2u↓↑&% 23J/4 0 0

1m u↑↑& J/4 1 1

0m
1

A2
$u↑↓&1u↓↑&% J/4 0 1

1̄m
u↓↓& J/4 21 1
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states with quantum numbers (ST ,ST
z)5(1,a) as ua&m

5am
1C0 and the doubly excited withu(ST ,ST

z)&m,n as
the Clebsh-Gordan combinations of excitations at dimer s
m and m1n, i.e., u(0,0)&m,n51/A3$1m

11̄m1n
1 20m

10m1n
1

11̄m
11m1n

1 %C0 , u(1,1)&m,n 5 1/A2$0m
11m1n

1 21m
10m1n

1 %C0,
etc.

As the alternating chain has translational symmetry pla
wave states prove convenient,

ua&k[
1

ANd
(

m51

Nd

eimkdua&m ~A2!

and

u~S,Sz!&k,n[
1

ANd
(

m51

Nd

eimkdu~S,Sz!&m,n , ~A3!

where the allowed momenta arekn52np/Ndd, wheren are
integers from2Nd/2 to Nd/2. The action of the Hamiltonian
on the basis states has been considered in Ref. 11, an
ground state toO~a! is

CG5h0FC02a
A3

8 (
m51

Nd

u~0,0!&m,1G , ~A4!

whereh0512(3/128)a2Nd .
Neutron scattering measures the square of the

pectation value of the spin operatorS1(Q)
5(2Nd)21/2(m51

Nd(p56exp(iQ•rm,p)Sm,p
1 between eigen-

states, whereQ is the wave vector transfer of the neutro
The action of this spin operator applied to the ground stat

S1~Q!uCG&5AQu1&k1BQu~1,1!&k,1 ,

AQ5
1

A2
~eiQ•r/22e2 iQ•r/2!S 11

a

4
cos~kd! D ,

BQ5
a

8
~eiQ•r/21e2 iQ•r/2!~eikd21!, ~A5!

wherek5Q•d̂ is the wave number of the states excited
this operator. The neutron scattering matrix element aT
50 to statel is given byS l

12(Q)5u^CluSQ
1uCG&u2.

2. One-magnon states

The one-magnon wave functions to orderO~a! are11

C1mag5ua&k1
a

2A2
~eikd11!u~1,a!&k,1

2
aA3

8ANd
(

m,m851

Nd

dmÞm8e
imkdam

1u~0,0!&m8,1

~A6!

and form anS51 triplet with an energy gapD5J2aJ/2
above the ground state and dispersion:
4-9
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v1mag~k!5J2aJ/2 cos~kd!. ~A7!

Application of the S1(Q) operator gives the intensity t
O~a!:

S1mag
12 ~Q!5@12cos~Q•r!#H 11

1

2
a cos~kd!J .

3. Two-magnon states

Ignoring states higher than two-excited-dimer~as they do
not contribute to the neutron scattering matrix element
lowest order ina!, the action of the Hamiltonian is11

Hua&k5akua&k1A2gk
†u~1,a!&k,1

and

Hu~1,a!&k,n

5HA2gkua&k1~b2e!u~1,a!&k,11gku~1,a!&k,2 , n51,

bu~1,a!&k,n1gku~1,a!&k,n111gk
†u~1,a!&k,n21 , n.1,

~A8!

where ak5J2(aJ/2)cos(kd), b52J, e5aJ/4, gk5
2(aJ/4)(11e2 ikd), and † denotes complex conjugatio
The excitation spectrum can be calculated by direct dia
nalization of a large number of dimers and application of
matrix element above or by analytical solution.

Approximate analytical wave functions for theS51
states can be calculated using elementary scattering the
see Ref. 29. Ignoring the coupling to the one-excited-dim
states for the time being, the two-magnon wave functions

C2mag~k!5 (
n51

Nd21

bn exp~ iun!u~1,1!&k,n . ~A9!

where for u52 i ln(Agk
†/gk)5kd/2 the time-independen

Schrödinger equation reduces to solving the real and sy
metric system of equations,

lb15~b2e!b11g̃kb2 ,

A

lbn5bbn1g̃k~bn111bn21!,

A

lbNd215~b2e!bNd211g̃kbNd22 , ~A10!

where g̃k5Agk
†gk5aJucos(kd/2)u/2 and the term exp(iun)

serves to transform to the center-of-momentum~centerR)
frame where magnons are atr i5R2n/2 and r j5R1n/2
with total momentumK5k11k25kd.

a. Magnon-pair-state solutions

Magnon pair states comprise particles that are free at la
distances, and for particle conservation in one dimension
05441
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interactions introduce a phase factorf on scattering. This
state corresponds to

bn
m5X0$exp~ ipmn!2exp@2 i ~pmn2fm!#%, ~A11!

where the normalization constantX0.1/ANd, pm is the rela-
tive momentum, andm51,2, . . . ,Nd21 index the eigen-
states. The phases and momenta are determined by
boundary conditions of the particles and their interaction
ergy. The standard method of solving for these bound
conditions29,31 is to introduce the single-site coefficientsb0
and bN and seteb15g̃kb0 and ebNd215g̃kbNd

and substi-

tute into Eq.~A10!. The momentumpm and phasefm solve
for the constraints onb0 andbNd

when

eifm5

g̃k1e expS 2 i
pm1fm

Nd
D

g̃k1e expS i
pm1fm

Nd
D , pm5

pm1fm

Nd
,

~A12!

and the eigenvalues arelm52J2aJ cos(kd)cos(pm)
1O(1/Nd). In the time-dependent Schro¨dinger picture this
state corresponds to two particles with wave packets at
sitions r i5R1n/2 and r j5R2n/2 and with momentak1
5(K1p)/2 andk25(K2p)/2 that scatter via theS matrix
Sk1 ,k2

52exp(ifk12k2
), and the eigenspectrum is

vk1 ,k2
5v1mag~k1!1v1mag~k2!, ~A13!

with v1mag(k)5J2aJ cos(kd)/2 as above.
Including the coupling to theu1&k states as a perturbatio

gives the approximate wave function

C2mag~k,m!52
ac1

m

2A2
~11e2 ikd!u1&k1 (

n51

Nd21

cn
mu~1,1!&k,n ,

~A14!

wherecn
m5bn

mexp(ikdn/2). The neutron scattering matrix e
ement can then be computed straightforwardly for a largeNd
system by evaluating the closure with Eq.~A5!.

b. Bound-state solutions

When g̃k,e, fm cannot be solved withm51 and Nd

21, and thecn
1 andcn

Nd21 solutions comprise exponentiall
decaying bound-state solutions below the two-magnon c
tinuum. TheS51 bound-state wave functions and ener
have previously been given by U¨ hrig and Schulz9 and Damle
and Nagler.13 It is specified by Eq.~A14! with

bn
15Ae22g̃k

2

g̃k
2

exp~2kn!, ~A15!

where exp(2k)52g̃k /e which has dispersion energy
4-10
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vBS52J2
aJ

4
@4 cos2~kd/2!11#. ~A16!

An interesting feature of the bound-state solution is tha
only exists over the rangeunp2kdu<p/3, wheren is an odd
integer, and so there is anS51 bound mode only for smal
wave vectors around the narrowest part of the continu
.

n

v.

st

05441
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Using our wave function we calculate the neutron scatter
strength from the bound state to be

SBS
12~Q!5S a

4 D 2
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